Abstract. The problem of monoenergetic neutral particle transport in a duct, where particles travel inside the duct walls, is treated using an approximate one-dimensional model. The onedimensional model uses three-basis functions, as part of a previously derived weighted-residual procedure, to account for the geometry of particle transport in a duct system (where particle migration into the walls is not considered). Our model introduces two stochastic parameters to account for particle-wall interactions: an albedo approximation yielding the fraction of particles that return to the duct after striking the walls, and a mean-distance travelled in the walls transverse to the duct by particles that re-enter the duct. Our model produces a set of three transport equations with a non-local scattering kernel. We solve these equations using discrete ordinates with source iteration. Numerical results for the reflection and transmission probabilities of neutron transport in ducts of circular cross section are compared to Monte Carlo results computed using the MCNP code.
Introduction
There are several applications that involve the transport of particles through channels where there is a weakly interacting medium of constant cross-section surrounded by a strongly interacting medium. These channels are often called ducts or pipes because they often appear in situations where there is a low-density medium (even vacuum) surrounded by a dense material. Such situations arise in charged-particle transport [1] , radiation shielding [2] , and acoustics [3, 4, 5] .
Prinja and Pomraning [1] first developed a one-dimensional model for neutral particle transport in ducts using geometric arguments. In that work, the distance traveled between wall collisions was interpreted as an angle-dependent cross-section. Using the method of weighted residuals, Larsen and colleagues in two separate papers [6, 7] developed a rigorous mathematical formulation of the same one-dimension model, and demonstrated its equivalence to the lowest order approximation of a chain of approximations. The weighted residual method is based on using N basis functions to approximate the azimuthal and transverse components of the particle distribution function in the duct, and N weight functions to transform the original domain to have a single spatial and single angular variable.
The weighted-residual approach with a single basis function (N = 1) gives the same result as the geometric approach originally promulgated by Prinja and Pomraning. Adding a second basis function was shown to improve the accuracy of the 1-D models significantly [7] . Later, Garcia, Ono, and Veira [8] developed a third basis function. Each additional basis function included in the 1-D model leads to improved accuracy compared with high-fidelity, 3-D calculations . For the N = 1 model, applied to circular ducts with length to radius ratios between 0.1 and 10, Ref. [8] reports a maximum percent deviation of 32.8 % for reflection probability, and over 300% in the transmission probability. For the N = 2 and N = 3 cases, the maximum percent deviation reported for reflection probabilities are 9% and 5%, and 1.3% and 0.27 % for the transmission probabilities. Besides these works developing more accurate models, there has also been research into efficient solution techniques for these one-dimensional models [11, 12, 13, 14, 15, 16, 17] .
Each of the approximate one-dimensional models was based on the assumption that particles do not penetrate the walls-that is, they are reflected or absorbed; as such, the material of the walls was not taken into account. Garcia, Ono, and Veira [18] expanded on the one-dimensional models by using multigroup albedo approximations to describe particle reflection corresponding to specific wall material (i.e. iron and concrete). The multigroup albedo model was compared to MCNP simulations of neutrons streaming in an evacuated circular duct of fixed length and wall thickness of 100 cm and 20 cm, with and without wall migration. A comparison of the results indicate fairly uniform agreement between the N = 3 model and the modified MCNP simulations without wall migration; however there is very poor agreement once the MCNP simulations account for wall migration. For circular concrete ducts, ranging in radius from 8 cm to 50 cm, Garcia reports a maximum error of 170% for reflection probability, while for iron ducts of the same dimensions, he reports a maximum error of approximately 116%. The transmission probabilities in identical concrete and iron systems give maximum errors of approximately 22% and 28%.
Previous results indicate a need for the development of a one-dimensional model, for two and three basis functions, which can properly account for wall migration. When a particle strikes the wall and is reflected, the albedo model merely supposes that it will reappear at the point of incidence; this is an inadequate approximation given that particles will migrate in the walls. Garcia, Ono, and Veira [18] report that in their model up to 50% of the particles reflected by the wall, just at the duct's edge, will leave the system through the duct entrance without a second interaction. The early exit of particles leads to a vast overestimation of the reflection probability, and underestimation of the transmission probability. Prinja [19] presented a possible solution to this shortcoming. He derived a 1-D model with a single basis function that accounted for particles moving in the walls via a non-local scattering kernel. He then solved for the reflection probability of a semi-infinite duct using a Weiner-Hopf technique. In this work, we extend Prinja's model by applying it to a three-basis function model, solve problems involving finite ducts, and outline a procedure for calculating the needed model parameters for different wall materials.
Model Formulation
In this section we introduce the notation necessary to develop our model. Our notation follows that of [7] . The duct is assumed to be evacuated (that is there are no particle interactions inside the duct). Monoenergetic particles are introduced into the duct through an open end and stream until striking the inner duct walls. Upon wall collision, the particles are either scattered into the interior of the duct, according to a probability c. As such, particles are strictly removed from the system by wall absorption or by streaming out of the duct ends.
The model assumes a duct parallel to the z-axis, with position coordinates (x, y, z). The duct has a length 0 ≤ z ≤ Z, and a cross-section which can be described-independent of z-by the function h(x, y),
where R defines the duct interior, and ∂R defines the duct's interior wall. For example, a circular duct with radius ρ is described by
The cross-sectional area and duct perimeter are expressed as
where ds is the arc length element. Particles in the duct stream with direction Ω, which is defined in terms of µ ∈ [−1, 1] (i.e. the cosine of the polar angle with respect to the z-axis) as well as a corresponding azimuthal angle φ ∈ [0, 2π]. The direction vector is defined as Ω = ( 1 − µ 2 cos φ, 1 − µ 2 sin φ, µ).
The steady-state transport equation for an evacuated duct is expressed as
Eq. (3) assumes a steady-state, monoenergetic system without collisions between particles in an evacuated duct, and no external source.
The boundary conditions at the ends of a duct of length Z are defined as the prescribed incident fluxes,
where f (µ) and g(µ) are well defined functions. The boundary conditions which describe partial isotropic reflection on the inner wall of the duct are expressed as
where n is the unit outward normal at r, and integration of Eq. (5) over Ω · n confirms c as the probability of wall reflection [7] . Moreover, Eq. (5) indicates that for particles incident upon the walls, with incoming direction Ω , the angle of reflection Ω will point towards the interior of the duct.
The 3-D duct problem is reduced to a 1-D problem using the method of weighted residuals, where Ψ is approximated as ψ,
where the α j are basis functions, and ψ j are expansion functions. Using Eq. (7) as an approximation for Ψ yields error terms. As such, the method of weighted residuals requires the error terms to be orthogonal to particular weight functions β i (x, y, φ), for 1 ≤ i ≤ N . The basis and weight functions are chosen such that they satisfy
As discussed in [7] , given prescribed basis and weight functions, the general matrix form of the transport equation with N basis functions, can be expressed as
The boundary conditions are given as column vectors,
where the components ψ i are expressed as
A and B are N × N matrices consisting of elements a ij , b ij , where (13)
ω · n α j dφ ds.
Basis Functions.
The basis functions for the N = 3 model are derived independently by Larsen et al. (1986) and Garcia (2000) . In each case, a Galerkin scheme was used to select the corresponding weight functions, i.e. β i (x, y, φ) = α i (x, y, φ) for i = 1, 2, 3. The first and second basis functions are expressed as [7] (15)
where u and v are constants needed to satisfy the orthonormal condition in Eq. (8) . The first two basis functions are linear combinations of 1 and D(x, y, ω), where D defines the distance from a point (x, y, z) in the duct's interior to it's inner wall ∂R along the direction −ω. The constants u and v are given as
The third basis function is expressed as a linear combination of 1, D(x, y, ω), and D 2 (x, y, ω) [8] :
and r is defined as
As previously noted, the basis and weights functions are not directly expressed in the multi-basis function form of the transport equation. Rather, these functions compose the elements of the matrices A and B, which are required to apply the model. Having explicit statements of the first thee basis functions, as well as their dependencies (constants: u, v, q, r), exact expressions for the matrix elements can be found by direct substitution into Eqs. (15), (16) , and (19) . The matrix elements for the N = 3 model in a circular duct are given in [8] .
Wall Migration Model: Methods and Parameters
In this section we will develop a nonlocal transport equation that accounts for particle migration into duct walls, composed of a specified material, using the third-order approximate one-dimensional model. Later, this nonlocal equation is specifically applied to ducts with iron, concrete, and graphite walls, subject to a thermal neutron source.
In order to account for neutral particles that migrate a fixed distance in the walls and undergo diffuse emission, Prinja [19] introduced a nonlocal kernel density K(z → z) that gives the probability density of a particle striking the wall at z re-entering the duct at point z. He this kernel applied for the N = 1 case for a semi-infinite duct. The kernel density satisfies the condition
where this ensures that if the ducts is infinite in length the particle is must be re-emitted somewhere. For the form of this kernel, Prinja [19] proposed an exponential function expressed as
where λ is a free parameter where λ −1 is the average net-distance traveled between entering the wall and re-emerging in the duct. Additionally,
ensures recovery of the local model. A full account of wall migration requires integrating the kernel density over the entire length of the duct, where
is introduced into the scattering term of the transport equation. Accounting for wall migration via the kernel density, the approximate one-dimensional duct model transport equation is expressed as
where Z is the length of the duct.
3.1. Estimating the parameters. From Eq. (26) it is clear that in addition to the basis and weight functions, the parameters λ and c must be known in order to apply the model accounting for wall migration.
As noted, the parameter c defines the probability that a particle will re-enter the duct.
These parameters, λ and c need to be estimated and will be a function of the material, the thickness of the duct walls, and the particle type.
Here, we will focus on thermal neutrons as the particles of interest, though different energies or particles could be treated using our prescription. To estimate c and λ we simulate a point source of thermal neutrons with a cosine distribution on the surface of a disk 20 cm thick with a radius of 100 cm using MCNP [9] . The value of c is computed as the ratio of the current entering the disk to the current exiting the disk. This calculation is similar to that used in [18] . The value of c for thermal neutrons is given in Table 1 Table 2 . Mean distance λ −1 (cm) traveled in walls computed using MCNP for 10 6 histories, and material density ρ (g/cm
3 ). Given the wall reflection constant and the kernel density, as well as the matrix elements of A and B, the N = 3 nonlocal transport equation can be fully solved using a discrete ordinates method.
Circular Duct Results
We solve Eq. (26) using the discrete ordinates method with the diamond difference discretization in space and 160 mesh points and 640 angles. The spatial integration in the scattering kernel is approximated using a Gauss-Kronrod quadrature rule.
As a test-case, the N = 3 nonlocal, approximate one-dimensional model is applied to a duct of circular cross section with varying radius ρ. The walls of the duct are 20 cm thick (corresponding to the thickness of the disk used to calculate c and λ −1 ), and the duct is 100 cm long. A second test-case is considered using the same duct geometry with a fixed 10 cm radius, 20 cm thick walls, and variying length. The quantities of interest in this case are reflection probability and transmission probability, corresponding to natural iron, ordinary concrete, and graphite ducts, subject to a thermal neutron source. The reflection (R) and transmission (T ) probabilities are calculated as
for values of c and λ corresponding to each of the wall materials.
The results for Tables 3-14 correspond to a Gauss-Legendre quadrature of 640 angles and weights, coupled with a spatial discretization mesh consisting of 160 intervals. Reflection and transmission probabilities are calculated using Eq. (26) and compared to MCNP simulations for 10 6 histories. In each table the nonlocal one-dimensional transport model is abbreviated as "1DWM", short for 1-D wall migration. The percent deviation (% Dev) is calculated as
where P is the reflection or transmission probability. Table 4 . Transmission probability for iron ducts of 100 cm length, 20 cm wall thickness, and varying radius. Tables 3-4 show the results for thermal neutrons transported in iron ducts, and indicate that the 1DWM produces relatively low errors for both the reflection and transmission probability values as functions of radius, giving mean percent deviations of 2.17% and -7.58%. In general the error decreases as the radius increases, but the model consistently overestimates the reflection probability and underestimates the transmission probability. These trends hold for all three materials, however, the 1DWM produces notably higher errors for graphite and concrete. Tables 5-8 show that the 1DWM produces mean percent deviations for the reflection and transmission probability as a function of radius of 13.57% and -17.43% for concrete and 15.56% and -14.85% for graphite. Table 5 . Reflection probability for concrete ducts of 100 cm length, 20 cm wall thickness, and varying radius.
Radius 1DWM MCNP % Dev. Table 6 . Transmission probability for concrete ducts of 100 cm length, 20 cm wall thickness, and varying radius.
Radius 1WMD MCNP % Dev. Table 7 . Reflection probability for graphite ducts of 100 cm length, 20 cm wall thickness, and varying radius. Table 8 . Transmission probability for graphite ducts of 100 cm length, 20 cm wall thickness, and varying radius.
The 1DWM results can be generally compared to the results produced by Garcia's local albedo model [18] , where the same duct configurations and radial values are applied, but the compostion of concrete differs and Iron-56 is used instead of natural iron (graphite is not included).
For thermal neutrons in Iron-56 and concrete ducts, Garcia [18] reports mean percent deviations of 11.60% and 56.69% for the reflection probability, and 5.16% and 6.21% for the transmission probability. The 1DWM performs significantly better for the reflection probabilities, overcoming the local albedo model's edge effects (i.e in the abscence of migration, particles interacting at the edge of the duct will be reflected out without interacting a second time). For transmission probability, however, the local albedo model performs better due to the multigroup approach. As the 1DWM does not account for energy dependence, information is lost as neutrons transport across the wall materials ; this effect is more poignantly seen for concrete and graphite which have significantly smaller absorption cross-sections and larger scattering cross-sections than natural iron. Table 9 . Reflection probability for iron ducts with a 10 cm radius, 20 cm wall thickness, and varying length. Table 14 . Transmission probability for graphite ducts with a 10 cm radius, 20 cm wall thickness, and varying length. Tables 9 -14 show that the 1DWM performs similarly across wall materials for length dependence, as it does for radial dependence. The mean percent deviations for the reflection and transmission probability are 5.33% and -5.69% for natural iron, 19.40% and -13.90 for concrete, and 19.78% and -16.705% for graphite. For each of the materials both the 1DWM and the MCNP results indicate that as the duct length increases-at approximately 100-150 cm-both the reflection and transmission probability have plateaued; as such, we see slight decreases in error at a length of 200 cm.
A notable trend in the length-dependent results is that the 1DWM performs very well for 10 cm ducts, with the exception of the reflection probability for concrete. In very short ducts, assuming monoenergetic particles has a less significant impact, particularly near the duct entrance where the particles are largely of uniform energywhich also explains why the 1DWM provides more accurate values for radially dependent reflection probabilities than does the local albedo model. Concrete is generally difficult to model using a monoenergetic assumption-even for short ducts-given that it contains very light elements, resulting in a higher average energy loss per collision. 
Concluding Remarks
The problem of neutral particle transport in a duct is treated using an approximate one-dimensional model for the third basis function, accounting for wall migration via a scattering kernel density. Comparisons to MCNP results demonstrate that the N = 3 nonlocal approximate one-dimensional model performs well for iron ducts, while producing higher levels of error for concrete and graphite ducts. The higher error in concrete and graphite ducts, may be attributed to a greater energy dependence, due to their relatively large scattering cross-section and small absorption cross-section.
Garcia [18] addresses the problem of energy-dependence by introducing a multi-group albedo approximation, where a value for wall reflection probability (c) is calculated for a number of subgroups in both the thermal and fast-range. A natural progression of this work would be the introduction of a scattering kernel density, accounting for the distance traveled by particles in the walls, corresponding to specified energy groups.
